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Outline

Sorting Principles

Themes

— Divide and Conquer

— Space vs. Time

— Arrays vs. Pointers

— Comparison vs. non-comparison
Algorithms

— QUICKSORT, HEAPSORT, BUCKET SORT

Domains
— Integers, Strings, Complex Records



Sorting Principle: Comparison

* Comparing elements e, and e, only one of the
following is true

1. e;<e, . . . .
32-bit int comparison: O(1) constant time operation
2. e,=6,
n-byte String comparison: O(n)
3. e;>e,

* Operation may be costly depending upon
representation

— Sort molecules by number of carbon atoms
— Compare CH;COCH,Br with C,H,



Sorting Principle: Swapping

* Swap location of two elements tmp =arl
ar[i] = ar|j
— Fundamental operation ar[j] = tmp

— Assumes random access to any individual element

e Shift two or more elements

— Suitable for arrays void *memmove(&dest, &src, n)

e Swapping is often the dominant cost of
sorting

— Algorithms seek to reduce wasted swaps
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* Every element swapped maximum # of times
—n(n-1)/2 =19%20/2 = 190

— O(n?) number of swaps

e Can we avoid such situations?
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Divide and Conquer

e Common computer science technique

* Break up a problem into smaller parts
— Solve each independently

INSERTION SORT

t|s|rflglplo|n|im
s|t|ir|lglplo|n|im
ris|t|glplo|ln|m
glr|s|t|lplo|n|m
plglr|s|t|loln|m
olplglr|s|t|n|m
nloflplglr|s|t|m
minjo|lplglr|s]|t

Note how each successive pass through
INSERTION SORT actually solves larger
problems

Not much dividing!

* Makes n—1 iterations



Divide and Conquer

« Common computer science technique

* Break up a problem into smaller parts

QUICKSORT

tls|r|q

4 ~\
Pl oin

m| o |{n}| p

/ partition

/ partiti

m|info|p

Note how each successive pass through
QUICKSORT divides a problem into two
problems that are about half as big

Solve each sub-problem, recursively

* Makes log,(n) iterations



Recursion: An Aside

* Define a solution to a problem using that
same solution as a sub-step

e Common examples Base Cases

— Fibonacci Series: F. =F_,+F_,where F,=F,;=1
How deep is R F,=F;+F,
the recursion?

F;=F,+F Fo=F+ Fy int fib (int n) {

if (n == 0 || n == 1) {
F=F.+F return 1;
2 1 0 1 1 }

n—2 levels

return fib(n-1) + fib(n-2);

1 1 |



sort (A)

1.
end

quickSort (A, 0, n—1)

quickSort (A, left, right)

1.
2.
3.
4.
end

if (left < right) then
pi = partition (A, left, right)
quickSort (A, left, pi—1)
quickSort (A, pi+1, right)

Partition
— selects an element to be pivot

QUICKSOR

Best case Average case Worst case

O(nlogn) O(nlogn) 0O(n?)

pivot

left pi  right

11314 |2 (5 |6
Recursively Recursively
sort smaller  sort smaller
sub-array sub-array

— divides array into left and right sub-arrays

Recursion

— Base Case: No need to sort sub-array that is either empty or has a

single element: left > right

— How deep: log(n) on average, but worst-case n—1



QUICKSORT Fact Sheet

- v 5
* Partition L]
— selects an element to be pivot Elements all<pivot  Element il 2 vt

— divides array into left and right sub-arrays

QUICKSORT |E|E| Recursion Base case
Best case Average case Worst case ey NO need tO Sort SUb'array
2 . .

O(nlogn) O(nlogn) O(n?) that is either empty or has a
sort (A) S, A single element: left>right
1. quickSort (A, 0, n—1) pivot = |56 |1|3]4]2]7

Teft i r/%

end v -
quickSort (A, left, right) s e]2]¥ S| 7 How deep is recursion?
1. if (left < right) then //// Recursively Recursively Best case: |Og (n)

. . . e t il t il
2. pi=partition (A, left, right) S sibaray subary Worst case: n—1
3. quickSort (A, left, pi-1) ————————~ -
4. quickSort (A, pi+1, right) ————————————————————~ g
end




partition (A, left, right)

. . -79
p = select pivot in A[left, right] P a rt I t I O n

1.
2. swap A[p] and A[right]
Best case Average case Worst case

3. store =left
4. fori=lefttoright-1do O(n) O(n) O(n)
5. if (Ali] = Alright]) then
6. swap A[i] and A[store] left* +p rig@t
7. store++ )
8. swap A[store] and A[right] store O LT3 ]4]2]7
9. return store v
end 7|16|1[3[4]|2]5

A DA

116 |7 (3|4]2](5

A DA
Select a “pivot” value 1]8]7]6[4[2]5
: . A DA
* Anyvaluein array will do
* Best case is when the pivot value evenly splits the array 1]3]4]6]7[2]5
A DA

Scan left to right to find values less than pivot 1]3[4]2[7]6]5

e Swap values to ensure that all elements to the left of
“pivot” are < to its value




79

Partition Fact Sheet

Partition .
Best case Average case Worst case
O(n) O(n) O(n)
partition (A, left, right) /efiﬁ ”’%f
1. p=select pivotin A[left, right] -——————___ _ ‘™
2. swap A[p] and A[right] Lol6]1[3]4 7
3. store=leftm7==——o________
4. fori=lefttoright-1do 21el113]a 5
5. if (A[i] = A[right]) then i X A
6. swap A[i] and A[store] __—————————"
. N - 116|734 5
. store++ \\\\\\\\\/-3 Y@
8.  swap A[store] and A[right] \\\ SO S
N ~
9. return store \\\ N 113|764 5
\
end \\ NN - -
\
\
RN N |1]3fa]ef7|2]5
na
\ \\ X
\ \
\
AN 1|1 3laf2]|7 5

Select a “pivot” value

* Any value will do

* Best caseis when the
pivot value evenly splits
the array

Scan left to right to find
values less than pivot

e Swap values to ensure
that all elements to the
left of “pivot” are < to
its value



Code Check

 Show actual running code
— Handout
— Debug example



QUICKSORT Optimizations

* Performance, on average, will be O(n log n)

— Can still secure some efficiencies

e Select Pivot
— First or last
— Random element

— Median-of-k (select median of k elements)
* Use INSERTION SORT for small sub-arrays

— Improves base case performance



INSERTION SORT vs. QUICKSORT

* INSERTION SORT outperforms on small arrays

* QUICKSORT benefits from using INSERTION
SORT on small sub-arrays

QUICKSORT vs. INSERTION SORT on
small array sizes Benefits of using minSize
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0.0025 === |nsertion g 0.004 120
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g \_‘

0002 Quicksort = 0.003 — —140
0.0015 Z 0.002

0.001 = 0.001 160
0.0005 / 0 180
o 0 20 40 60 80
91317212529333741454953576165697377818589



Partition Schemes

* Option P1: Shown earlier [p. 79]
* Option P2: “Collapsing Walls”

— When selecting pivot, order median of three elements

— Use partition code below
partition (A, left, right)

1. store =right

2. properly order A[left], A[mid] and A[right], using A[mid] as pivot 
3.  swap A[mid] and A[right]

4.  left++ and right--

5. do

6. while (A[left] < pivot) { left++} _ _

7. while (pivot < A[right]) { right-- } fArZLZToeotp,jr\j/Z%ante
8. if (left < right) then and swap {6, 2}

9. swap A[left] and A[right]

10. left++ and right-- Second time through

11. else if (left == right) { break } the do loop, we locate
12. while (left < right) and swap {7, 4}

13. swap A[store] and Aleft]

14. return left

end

6l1|3|al2]7
61542
fef Tgitt—sto
v v
6l1|7]4l2]5
left  right
v 'Y
2(1(7]4l6]5
right Teft
T v
2(1(al7]|6]5
2114|567

pivot =5



Compare different partition methods

Option P1 Swaps and Comparisons
160000000
— More Swaps, Fewer Comparisons 140000000
3 120000000
= Comp_P1
Optlon P2 é 100000000 ) .
) wap_p
— More Comparisons, Fewer Swaps 2 80000000 Comp, P2
:_3 60000000 -
. 40000000 Swap_P2
n . ratio . 20000000
2 0.641026 0
4 0.662921
8 0.754545 ratio of partition
16 0.849095
2 0509051 performances
64 0.92 12
128 0.910714 2
256 0.935484 9 os
512 0.944649 < -
1024 0.952055 £ 06
2048 0.952191 g 0.4
4096 0.952735 E, 0.2
8192 0.954768
0

16384 0.956729



Aside

 What is the best performance for a sorting
algorithm using comparison-based sorting?

— Turns out to be O(n log n)

— Assuming fixed number of processors and no
restrictions on the size or composition of input set

* Implementation Issues

— In practice, two algorithms that are classified as
the same O (n log n) can have different
performance



HEAPSORT

e Let’s design a sorting algorithm

— O (n log n) is best we can do with comparison-
based sorting

* Can a heap be a useful structure?

16
Heap Property: Each node is greater than either child
10 14

02 03 05 Shape Property: Fill Tree by level, left to right

* Note that largest element is root of heap
— Thus a findMax operation for a heap is O(1)



HEAPSORT

* Given a Heap H, the following process outputs
the content of a heap in descending order

while (H has elements)
remove max and output value
rebuild heap H

end while

* A heap can be stored in an array (shape property)

16 Level O
— T
10 14 —— Level 1
02 03 05 ] Level 2
f_l_\ ( l \f l |

16 | 10 14 02 03 05




sort (A)

=

© © N o

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
end

05 (03| 16| 02| 10| 14 87
buildHeap (A,n)
fori=n—-1downto 1 J/ buildHeap H EA P S O RT
swap A[0] with Alil 16|10 14 02| 03 | 05
heapify (A, 0, i) Best case Average case Worst case
end A O(nlogn) O(nlogn) O(n logn)
10 14
_ LN/
buildHeap (A, n) 02 03 05
fori=|n/2] downto 0
heapify (A, i) 05| 10| 14| 02| 03 14|10 05| 02| 03
end
Might no longer be a heap A heap again
heapify (A, idx, max)
left = 2*idx + 1 03| 10| 05| 02 10 | 03| 05| 02 VIR
right = 2*idx + 2 -
if (left < max and A[left] > a[idx]) then Might no longer be a heap A heap again Sorted
largest = left sub-array
else largest = idx 02 | 03| 05 05 | 03 | 02 [EEIJEEEVEREETS
if (right < max and A[right] > a[largest]) then - - -
largest = right Might no longer be a heap A heap again Sorted
if (largest = idx) then sub-array

swap A[idx] and A[largest]
heapify (A, largest, max)



HEAPSORT final pieces

Store binary heap in an
array

— Sort “in place” by
swapping maximum
element with proper
place in array

— Rebuild Heap after each
swap

Will need n—-1 iterations
— heapify takes O(log n)
Achieves O(n log n)
— (n—-1) * log n
Fixed Worst Case
— Also O(n log n)
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sort [A)

1. buildHeap (A, n)

2. fori=n-1 downto 1

3 swap A[0]with Ali]
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Code Check

 Show actual running code
— Handout
— Debug example



Why discuss HEAPSORT

* Introduce heap structure

— Useful to understand

* Algorithm shows “tight” bounds

— Average, Worst cases are similar



How to sort without comparing

* Aggressive Divide and Conquer strategy

— Divides one problem of size n into n problems
whose average size is 1

* Given n elements to sort, create an array of n
buckets B[]

— Assign each element from input to a bucket

— some buckets may be empty or contain (a few)
elements

— Overwhelm the problem with extra space



Importance of hash function

* Construct special hash function hash (a,)

— input data must be uniformly distributed

— hash (a;) is ordered; if a;<a; then hash(a;) < hash(a;)
* Because data is uniformly distributed...

— A small constant number of elements per bucket

— Which means total sort time for all buckets is O(n)
* Because hash function is ordered...

— Can retrieve sorted elements by processing
buckets in order, once their contents are sorted




Uniform Distribution Example

* n=16 floating point values from the set [0, 1)

—b, =]

0.183...
0.544...
0.113..
0.444...
0.102...
0.619...

0.435
0.433

0.141..
0.163...
0.606...
0.437...
0.654...
0.720...
0.685...
0.500...

= {0.102, 0.113}
= {0.141, 0.163, 0.183}
, ={0.433,0.435}
. =1{0.437,0.444)
b, ={0.500, 0.544}
b,, = {0.606, 0.619}
b,, = {0.654, 0.685} .
b,, ={0.720} 1

N

O O T T
w

Some buckets are empty
Some buckets have multiple elements

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16



BUCKET SORT Fact Sheet

* Process all elements

— insert each into
appropriate bucket
* Overwrite original
array

— Extract bucket
elements in order

BUCKet Sort oo Array
Best case Average case Worst case %%
¢ Hash
O(n) O(n) O(n)
sort (A) A L7]5]13]2]14[1]6]

create n buckets B

1.

2. fori=0ton-1do
3. k = hash(A[i])

4. add A[i] to the k" bucket B[K]
5. extract (B, A)

executes /
7/
/
7
7
/
/
7 After i=1
7 executes

end

extract (B, A)

1. idx=0 s
2. fori=0ton1 do <~

3. insertionSort (Blil) < arors
4. form=1tosize(B[i)do  “~_
5, Alidx++] = mt element of B[i]

end

After for loop executes

Afteri=0 <

use hash(x) =| X/ 3|

B 215 7.6

(13143 |
4

0 1 2 3 5

~
A [1]2013]2]14[1]6]

6

REESIN

B (2115 7.6)]

~

-
Alr]a]sl2]141]s]

B [talE el Jus 4 ]\

A [1]2]s]e]7]1]6]

(13,14} [\

B [11.2[15 6,73

~




sort (A)
. create n buckets B B U C K ET

1

2 fori=0Oton—-1do

3. k =hash (A[i]) CANADT
4

5

Best case Average case Worst case
add A[i] to the kth bucket B[k]
O(n) O(n) O(n)
extract (B, A)

end

Al 7| 5| 13| 2| 14| 1| s
extract (B, A) use hash(x) = |x/3]
1 idx=0
2. fori=0ton-1do B 21| By {76 | | {1314
3. insertionSort (B[i]) 0 1 2 3 4 5 6
4 for m = 1 to size (BJi]) do
5 Alidx++] = mth element of BJi] A T2 13 > 2 1 5
end




BUCKET SORT Summary

* Incredibly effective for uniform data
* With small tweak becomes HASH SORT

— Surprisingly effective for collections of
normal strings if # buckets = 2*n

Consider 263 = 17,576 buckets with hash function that
places a string into bucket based on its first three letters

BUCKET Comparing QUICKSORT with BUCKET
problem empty buckets Avg.size SORT QUICKSORT SORT

sizen buckets with one of bucket time time 3

16384 7670 5520 1.65495 0.0043 0.0051 25

32768 4291 3941 2.466 0.0118 0.0132 'é? 2

65536 2390 1281 4.31 0.0368 0.0337 < 15
131072 2005 115 8.417 0.1318 0.0833 E 1 Ll
262144 1977 1 16.805 0.5446 0.1991 0.5 / —*QuickSort
524288 1976 0 33.608 2.4036 0.4712 0

0 200000 400000 600000

Input problem size n



Summary

* Sorting Concepts

— Comparison and Swapping

* Sorting Algorithms
— INSERTION SORT [previous session]
— QUICKSORT [the gold standard]
— HEAPSORT [interesting data structure at play]
— BUCKET SORT [how to sort without comparisons]
— HASH SORT [reduce space needs of Bucket Sort]



QUICKSORT
Exercise

Can you rewrite-to
remove if?

Can you spot the

defects here?

What impact does this
defect have?

Is it serious?
How would you fix it?

/** Sort array ar[left,right] using QuickSort method.

void do_gsort (void **ar, int(*cmp)(const void *,const void *),

}

* The comparison function, cmp, is needed to properly
* compare elements. */

int left, int right) {
int pivotindex;
if (right <= left) { return; }

/* partition */
pivotindex = selectPivotindex (ar, left, right);
pivotindex = partition (ar, cmp, left, right, pivotindex);

if (pivotindex-1-left <= minSize) {
insertion (ar, cmp, left, pivotindex-1);
} else {
do_gsort (ar, cmp, left, pivotindex-1);
}
if (right - pivotindex - 1 <= minSize) {
insertion (ar, cmp, pivotindex+1, right);
} else {
do_gsort (ar, cmp, pivotindex+1, right);

}

/** Qsort straight */
void sortPointers (void **vals, int total _elems,

}

int(*cmp)(const void *,const void *)) {
do_gsort (vals, cmp, 0, total_elems-1);



